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Abstract-we investigate a nonintegrable (3+1)-dimensional JimbeMiwa equation by truncating 
the PainleG expansion and performing computerized symbolic computation. We obtain a new aute 
B;icklund transformation and a new family of the exact solitonic solutions. Sample solutions of this 
family are presented. @ 2002 Elsevier Science Ltd. All rights reserved. 
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Computerized symbolic computation has sped up the investigation of high-dimensional uon- 
linear evolution equations (see, e.g., [l-6]). 
In this paper, we plan to study a JimbeMiwa equation, 
Uz+ry + 3(u ‘LLy)z + 3 &I a;‘u, + 3 u, 2cy + 2 Uyt - 3 u,, = 0, (1) 
where ZL is a real scalar potential of four independent variables 5, y, z, and t; the subscripts denote 
the partial derivatives; and ai1 is the indefinite integration with respect to 5. Equation (1) 
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describes certain physically interesting (3 + 1)-dimensional waves but does not pass any of the 
conventional integrability tests [7,8]. Nowadays, the investigation on equation (1) is mainly of 
mathematical interest. See [9], and references therein for a review, with, e.g., some solitonic 
solutions. 
To our knowledge, no B%&lund transformation for equation (1) has been found as yet, to which 
we plan to devote our energy, A relevant issue is to explore the power of computerized symbolic 
computation to explicitly solve for equation (1) as well. 
To begin with, we use the following expression: 
and equation (1) becomes 
2 hsyt + 6 h,, h,, - 3 h,,, + 3 h, hxsy + 3 h, h,,, + hzzzz2/ = o. (3) 
The sufficient condition for a nonlinear partial differential equation to be [lO,ll], i.e., when the 
solutions to the equation, written as 
h(x,y,z,t) = ~-J(s,~,z,t)~hf(~,~,r.t)~f(~,~,z,t), 
l=O 
(4) 
are single-valued in the neighborhood of a noncharacteristic, movable singularity manifold, M = 
{(x,Y,z,~) I ~(x,Y,z,~) = 01, h w ere J is a natural number to be determined; and hl(z, y, z, t)s 
and $(x, y, z, t) are analytic functions with ho # 0. 
Hereby, for such nonintegrable equations as equation (l), we instead are able to derive certain 
transformations and solutions, if any, by truncating expression (4) at the constant level term, 
The leading-order analysis then gives J = 1 for equation (l), and we will stay with the general 
assumption that 4, # 0 and & # 0. 
When substituting the above expressions into equation (1) with symbolic computation, we 
make the coefficients of like powers of C$ vanish, i.e., set the corresponding coefficients of C/I to 
zero, so as to get the set of PainlevB-Bgcklund equations as follows: 
+ 3 hl,, hl,szy + 3 hl,, hl,ZZz + hl,szxzy = 0, 
(6) 
(7) 
(8) 
(9) 
(10) 
(11) 
where 
r = 2 4,t - 3 &, + 3 hl,, & + 3 hl,, $2, + &zzy = 0. (12) 
The set of equations (2), (5), (6), (7), (ll), and (12) forms an auto-Bicklund transformation, 
as long as the set is consistent (or solvable). In the following analysis, we will present some 
examples explicitly solved. 
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For simplicity and in order that equation (11) is satisfied automatically, we assume that 
hl = hl (Y, t, t) only. (I31 
Then, for a solitonic profile, we substitute into equations (7) and (12) the following trial solution: 
f#j(& Y, z, t) = 1 + ei”Jz+iB(yJ,t), (14) 
where A # 0 is a complex number, and a(Y, z, t) is a complex, differentiable function with f?y # 0. 
The z-linear form is assumed for the simplification of the future work. After the substitution, we 
make the coefficients of like powers of 5 to vanish, along with the superficial separation of the 
real terms from the imaginary terms so as to get the following: 
-3dC,-d3Cy+2&&-3dEz=O, (17) 
where C(Y, z) and E(z, t) are complex, differentiable functions while 3(z, t) is a real, differentiable 
function. Making u real and aiming at solitonic solutions, we choose A, C, and E to be purely 
imaginary, i.e., 
A = --iv, (18) 
C = -ip(Y, 21, (1% 
E = -ip(z,t), (20) 
where the constant 77 and the differentiable functions ,U and p are all real, with Q # 0 and py # 0. 
Lastly, we combine everything together, and see that the application of the truncated Painlevd 
expansion and symbolic computation lead to an auto-Bgcklund transformation as discussed above, 
and a new family of the exact solitonic solutions for equation (1) as below, 
2 
U(Z, y, z, t) = 5 Seth 2 11z+&z) +p(z,t) 
2 (21) 
with its integration as 
a;%L(x, y, 2-4 t> = h(z, Y, z, 4 
= 77 Tanh 
Vx+LL(Y,z)+p(Gt) 
2 I 
+77_-3(2 t)+ Sl-Lz(Y,z)dY 
7 
77 (22) 
77cL(Y!Z) 2p(Y,z)pt(Gt) + YPz(Gt) _-- 
3 3712 77 ’ 
where the real constant 77 and the real, differentiable functions ~(y, z), p(z, t), and F(z, t) are all 
arbitrary except that the constraint 
3rlPa(Y,Z) - V311y(Y,Z) - 2p,(&t)CLy(Y,Z) +37)&(&t) = 0 (23) 
needs to be satisfied, and that Q # 0 and py # 0. 
In illustration, we would like to present a couple of sample solutions from this family where 
constraint (23) is indeed satisfied. 
SAMPLE SOLUTION 1. ~1 = p(y) only, so as to leave the z-dependence in the function p(z, t). 
Constraint (23) then leads to 
p==ey+e and p(z,t> = (24) 
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and the first sample is seen as 
~(2, y,z, t) = $ Seth 17z+5+e~+71~ez/3+~(t+2e2/377) 
2 I 
, (25) 
8;‘~ = qTanh 
7)2+E+eY+r12ez/3+~(t+2e2/3rl) 
2 1 
+q-$ - F(2, t) - wm+2ww 
3772 ’ 
where the real constants 7 # 0, B # 0, 5, and the real, differentiable functions $J, 3 remain all 
arbitrary. 
SAMPLE SOLUTION 2. p = p(t) only. Constraint (23) this time gives rise to 
p=w+at and P(Y, z) = i+ Y + 
(q3+20) z 1 377 ’ 
and the second sample comes out as 
u(z, y, z, t) = $f Sech2 cd+at+?p+X[y+($+2(J) 434 
2 
7 
(27) 
(28) 
with 
d;lu(x, y, z, t) = 71 - F(z, t) + VTanh 
w+ot+qz+X[y+(q3+2a) 2/3Q] 
2 
t (29) 
where the real constants 7 # 0, (T # 0, w, and the real, differentiable functions A, F remain all 
arbitrary. In comparison, the result obtained in [9] is merely a special case of this sample. 
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